Abstract. In this paper, we investigate self-dual codes over finite rings, specifically the ring Z 2 m of integers modulo 2 m . Type II codes over Z 2 m are introduced as self-dual codes with Euclidean weights which are a multiple of 2 m+1 . We describe a relationship between Type II codes and even unimodular lattices. This relationship provides much information on Type II codes. Double circulant Type II codes over Z 2 m are also studied.
Introduction
In this paper, we consider self-dual codes over rings, specifically the ring Z 2 m where Z k denotes the ring Z/kZ of integers modulo k. A code of length n over the ring Z k is a subset of Z n k , and if the code is an additive subgroup of Z n k then it is a linear code. Unless otherwise stated all codes will be linear. We define an inner product on Z n k by [x, y] = x 1 y 1 + · · · + x n y n (mod k), where x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ). The orthogonal to a code is defined in the usual way, i.e., C ⊥ = {v ∈ Z n k | [v, w] = 0 for all w ∈ C}. MacWilliams relations for codes over any Frobenius ring are given in [17] . A code C is self-orthogonal if C ⊆ C ⊥ and C is self-dual if C = C ⊥ . In this paper, two codes over Z k are said to be equivalent if one can be obtained from the other by permuting the coordinates and (if necessary) changing the signs of certain coordinates. Codes differing by only a permutation of coordinates are called permutation-equivalent.
The paper is organized as follows. Section 2 examines the existence of self-dual codes over Z k . Section 3 introduces Type II codes over Z 2 m as self-dual codes with Euclidean weights which are a multiple of 2 m+1 , and relates these codes with self-orthogonal codes over Z 2 m+1 . In Section 4, we show a relationship between Type II codes over Z 2 m and even unimodular lattices. This is a natural generalization of the result in [2] . The above relationship provides much information on Type II codes. In Section 5, we investigate Type II double circulant codes over Z 2 m giving many examples of extremal Type II codes over Z 2 m for m = 3, 4 and 5. Section 6 describes the existence of Type II codes of small lengths over Z 2 m for all m.
We refer the reader to [6] and [17] for any elementary facts about codes over finite rings that are used in this paper. For example, any code C over Z k has |C||C ⊥ | = k n .
Self-dual codes over Z k
Self-dual codes over fields are a well studied subject, see [11] for an extensive bibliography. Recently, self-dual codes over Z 4 have been studied, see [1, 2, 6, 8-10, 14, 15] . Cyclic codes over Z k have been discussed by a number of authors, see, e.g., [3] and the references given therein. In this section, we examine the existence of self-dual codes over Z k .
Lemma 2.1 If k is a square then there exist self-dual codes over Z k for all lengths.
Proof: If k = r 2 then the matrix (r ) generates a self-dual code of length 1. 2
Lemma 2.2 If C is a self-dual code of odd length over Z k then k is a square.
Proof: Let C be a self-dual code of odd length n over Z k so that |C| 2 = k n . Then |C| = k n 2 , and since n is odd, k must be a square.
2
Now consider self-dual codes over Z 2 m . If m is odd then 2 m is not a square and by the previous lemma there are no self-dual codes of odd length.
If m is odd then the following matrix Any code over Z 2 m is permutation-equivalent to a code with generator matrix of the form 
where the matrices A i, j are binary matrices for i > 1.
A code of this form is said to be of type
For a code C of length n over Z 2 m+1 we denote its image under this map by (C). Proof: Proof: Any vector in C is a linear combination of the rows of a generator matrix of C. Any vector in (C) is a linear combination of those rows read modulo 2 m−1 . Hence a generator matrix of (C) is 
, which corresponds to a code of the required type. 2
Note that a generator matrix of a self-orthogonal code over Z 2 m−1 does not necessarily generate a self-orthogonal code over Z 2 m since the vectors may not be orthogonal. 
Type II codes over Z 2 m and even unimodular lattices
A relationship between Type II codes over Z 4 and even unimodular lattices was given in [1] and [2] . In this section, we consider a relationship between Type II codes over Z 2 m and even unimodular lattices. This is a natural generalization of the above result.
Recall that a Type II code over Z 2 m is a self-dual code which has all Euclidean weights divisible by 2 m+1 . The minimum Euclidean weight d E of C is the smallest Euclidean weight among all non-zero codewords of C. For m = 1 and 2, an upper bound on d E was given in [12] and [1] , respectively.
An n-dimensional lattice in R n is the set of integer linear combinations of n linearly independent vectors v 1 , . . . , v n . An n × n matrix whose rows are the n linearly independent vectors is called a generator matrix of the lattice. The dual lattice * is given by
A lattice is integral if the inner product of any two lattice points is integral, or equivalently, if ⊆
* . An integral lattice with det = 1 (or = * ) is called unimodular. If the norm [x, x] is an even integer for all x ∈ , then is called even. The minimum norm of is the smallest norm among all nonzero lattice points of .
Applying Construction A in [7] to self-dual codes over Z 2 m , we have the following construction of even unimodular lattices.
Theorem 4.1 If C is a self-dual code of length n over Z 2 m , then the lattice
2 m (C) = 1 √ 2 m {C + 2 m Z n }, is an n-dimensional unimodular lattice. The minimum norm is min{2 m , d E /2 m } where
d E is the minimum Euclidean weight of C. Moreover, if C is Type II then the lattice 2 m (C)
is even unimodular.
where c i ∈ C and z i ∈ Z n for i = 1, 2. Since C is self-dual, the inner product of a 1 and a 2 is
If C has a generator matrix of the form (1), then the generator matrix of the lattice can be written as
where
Thus the determinant of the matrix (2) is 1 and
In addition, if C is Type II then since the Euclidean weights are divisible by 2 m+1 , we have
so that the lattice is even. 2
Remark It was suggested in [1] that a construction similar to Theorem 4.1 be considered in order to construct unimodular lattices with minimum norm µ > 4. Theorem 4.1 provides much information on Type II codes over Z 2 m . For example, the following corollary characterizes divisible self-dual codes over Z 2 m in terms of their Euclidean weights. We now investigate the minimum Euclidean weight of Type II codes over Z 2 m . The minimum norm µ of an n-dimensional even unimodular lattice is bounded by µ ≤ 2 n 24 + 2 and even unimodular lattices with µ = 2 n 24 + 2 are called extremal (cf. [7] ). The minimum norm of the lattices constructed from Type II codes C gives directly an upper bound on the minimum Euclidean weight of C.
Corollary 4.2 Suppose that C is a self-dual code over Z 2 m . The greatest common divisor c of Euclidean weights of all codewords of C is either

Proposition 4.5 Let d E be the minimum Euclidean weight of a Type II code of length
Proof: Suppose that there exists a Type II code C with minimum Euclidean weight
+ 2). The minimum norm µ of the even unimodular lattice 2 m (C) constructed from C is min{2 m , 2 n 3 + 4}. From the assumption, µ = 2 n 3 + 4, which is a contradiction.
When m = 1 and 2, the above bound (3) holds without the assumption (3) is the well-known bound on binary doubly-even self-dual codes, given by Mallows and Sloane [12] . The bound with m = 2 was presented in [1] . We conjecture
+ 1) for all m ≥ 1 without the assumption. A Type II code meeting this bound with equality is called extremal. Extremal codes have the largest minimum Euclidean weight among all Type II codes of that length. All Type II codes of lengths 8 and 16 are extremal.
The minimum Hamming weight of a Hamming code H 2 m is always 4 and for the first few values of m, the minimum Lee weights were determined in [3] . By Proposition 4.5, the minimum Euclidean weight of H 2 m is always 2 m+1 .
Double circulant codes
We begin by characterizing the generator matrices of double circulant codes. A pure double circulant code of length 2n has a generator matrix of the form (I, R) where I is the identity matrix of order n and R is an n × n circulant matrix 
A code with generator matrix of the form
where R is an (n − 1) × (n − 1) circulant matrix, is called a bordered double circulant code of length 2n. These two families of codes are collectively called double circulant codes.
Preliminaries
We first prove the non-existence of pure double circulant self-dual codes. Therefore, −1 must be a quadratic residue in Z 2 m . However, −1 is not a quadratic residue in Z 2 m for m ≥ 2, which is a contradiction. 2
Remark Similarly, if −1 is not a quadratic residue in a finite ring then there is no pure double circulant self-dual code over this ring.
Remark Conditions for the existence of double circulant self-dual codes over a finite field GF( p) were given in [16] . It is known that pure double circulant self-dual codes exist for m = 1 (cf., e.g., [11] ).
We now present two lemmas which are useful in checking the equivalences of bordered double circulant self-dual codes. These lemmas can easily be proven. (I, A),  (I, A ), (I, A ) and (I, A ) , respectively, where
Lemma 5.2 Let C, C , C and C be codes with generator matrices of the form
and R is a square matrix. Then C, C , C and C are equivalent.
Lemma 5.3 If the matrix (I, A) generates a self-dual code C, then the matrices (I, −A), (I, A T ) and (I, −A T ) generate self-dual codes which are equivalent to C, where A T denotes the transpose of the matrix A.
An infinite family of double circulant Type II codes
We discuss lengths for which there exist Type II double circulant codes over Z 2 m . First, we provide a result required for a subsequent construction, namely if p ≡ 7 (mod 8) then
has solutions for all m > 0, and if p ≡ 3 (mod 8) then
has solutions for all m > 0. Although the following lemma can be obtained from Hensel's Lemma, we give an elementary proof to emphasize the forms of solutions. Proof: Let a be a positive integer such that q + pa 2 ≡ 0 (mod 2 m ), or q + pa 2 = r2 m for some integer r . If r is even, say r = 2k, then
If r is odd, say r = 2 j + 1, then
since a is odd. 2 We now consider certain weighing matrices of order n and weight n − 1. A weighing matrix W n,k of order n and weight k is an n by n (0, 1,
Proposition 5.5 If p ≡ 7 (mod 8), then there exists a solution for
The following is a well-known method for constructing bordered circulant weighing matrices. Suppose that n = p + 1 is a multiple of 4 where p is a prime. Let P = ( p i j ) be a p × p matrix where
The matrix P is called a Jacobsthal matrix (cf. [11] ). Now consider the bordered circulant matrix
Clearly P n P T n = pI over the integers and P n = −P T n , so that P n is a weighing matrix of order n = p + 1 and weight p.
(1) The case p ≡ 7 (mod 8): Consider a bordered double circulant code of length 2n over Z 2 m with generator matrix of the form (I, x P n ). We denote this code by D 2n 2 m (x). Since all distinct rows of x P n are orthogonal over Z, if 1 + px Remark When m = 2, the above double circulant codes were given in [9] . 
Double circulant codes of length 8 over Z 8
Here we classify Type II bordered double circulant codes of length 8 over Z 8 . By exhaustive search, we have found all distinct double circulant Type II codes of length 8. For these codes, the first rows of R and the values of α, β and γ of the generator matrices (4) are given Table 2 . From Lemma 5.2, the four codes C 8,4i+1 , C 8,4i+2 , C 8,4i+3 and C 8,4i+4 are equivalent for 0 ≤ i ≤ 7. In addition, it follows from Lemma 5.3 that the four codes C 8,1 , C 8,5 , C 8,18 and C 8, 22 are equivalent, and the four codes C 8,9 , C 8,13 , C 8, 30 and C 8, 26 are equivalent. Thus the equivalence of only two codes, C 8,1 and C 8,9 , needs to be checked further. Using the following method, we have determined the inequivalence of these codes. Let d i (ε) be the number of pairs (x, y) of codewords x and y, of Hamming weight i, such that the Euclidean weight of a vector x − y is ε. Note that d i (0) = A i and ε d i (ε) = A Table 3 . Classification of double circulant codes of length 8. Table 3 . This table establishes that there exists exactly two inequivalent double circulant self-dual codes of length 8 over Z 8 .
Double circulant codes of length 16 over Z 8
By exhaustive search, we have found all distinct double circulant Type II codes of length 16 over Z 8 . The only values of α for which there exist bordered double circulant Type II codes are 0 and 4.
We first consider only double circulant codes with α = 0. Due to space limitations, we list in Table 4 only those codes which must be checked further for equivalences. The corresponding Euclidean weight distributions, W j , are given in Table 5 . Note that the borders for these codes are (α, β, γ ) = (0, 3, 3) . The distinct codes can be determined using Lemmas 5.2 and 5.3.
We now classify the double circulant codes with weight distributions W i for 1 ≤ i ≤ 6. Obviously, there exists a unique double circulant code, up to equivalence, for W 3 and W 6 . Let R 1 and R 2 be circulant matrices with first rows (3731110) and (3171310), respectively. Since R 1 and R 2 are R of the generator matrices of C 16,1 and C 16,2 , these codes are equivalent if there exist permutation matrices P and Q such that R 1 = PR 2 Q. The following matrices 7 (ε) , additional values were calculated for d j (ε) for 4 ≤ j ≤ 9. However, these were also found to be identical. If two codes are equivalent then there is an equivalent map from one to the other. We have tested several maps, but have been unable to determine the equivalence or inequivalence of these codes.
Next we consider double circulant codes with (α, β, γ ) = (4, 3, 3) . Twenty codes need to be checked for equivalences, and these codes can be obtained from those in Table 4 by replacing 0 in the first row of R with 4. We denote the code obtained from C 16,i by C 16,i . The Euclidean weight distributions are listed in Table 6 , and the codes corresponding to these distributions are given in Table 7 .
The above arguments for codes with α = 0 show that there exists a unique Type II double circulant code with W i (i = 8, 9, 12 and 13). Moreover, codes in the following groups are equivalent: (C 16,4 , C 16, 5 , C 16, 6 ), (C 16,11 , C 16, 12 , C 16, 13 ), (C 16,16 , C 16, 17 ) and (C 16, 19 , C 16, 20 ). 
Extremal Type II codes of other lengths
The most remarkable length for extremal Type II codes is 24, because of the connection with the Leech lattice (cf. Lemma 6.1). Proof: The lattice constructed from C by Theorem 4.1 is an even unimodular lattice of dimension 24 with minimum norm 4, which must be the Leech lattice. 2
For m = 2, several extremal Type II codes of length 24 were constructed in [2] and [4] . These codes gave simple alternative constructions of the Leech lattice.
The lifted Golay codes of length 24 over Z 2 m were constructed from the binary Golay code by Hensel lifting (cf. [3] ). The lifted Golay codes are Type II codes; however, we have verified that the lifted Golay code over Z 8 is not extremal by computer. In addition, it is shown in Proposition 5.8 that there is no extremal Type II double circulant code over Z 8 of length 24. For m = 1 and 2, there are extremal Type II double circulant codes over Z 2 m of length 24 and the Hensel lifted Golay code over Z 4 is extremal. Thus it would be worthwhile to construct extremal Type II codes over Z 8 of length 24.
